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1. Introduction

One important problem in mathematics and statistics is to formulate a mean from a
set of data. Various definitions of mean have been studied to represent in some sense an
average of data. The applications of these rséavolve all the fields of science and tech-
nology, with nonlinear filtering being a primary example in the area of image processing
[1-3]. The goal of this work is to axiomatically investigate the rationale for a large class of
means, which is referred to geasi-arithmetic mean [4], nonlinear homomor phic mean or
nonlinear homomor phic filter [3].
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Let x = (x1, x2, ..., x,) denote a set of data anfd(x) a mean of these dat#.(x) is
called a nonlinear homomorphic mean (or filter in the field of area processing)=of
(xla x25 ceey xl‘l)l If

F(x)= U—l[z piU(m], (1)
i=1

where U is a differentiable and strictly increasing functiofp;}’_; are nonnegative
weighting constants such that;_, p; = 1. In the image processing literature, nonlinear
homomorphic filters are successfully used for noise reduction [1-3].

There are several axiomatic studies eterizing the mean as the homomorphic fil-
ter given in (1). The axiomatic approach was first used by Kolmogorov and Nagumo
respectively [5,6], in the case @f = 1/n andU being continuous (not necessarily dif-
ferentiable). The key axiom they proposed iseeursive associative functional equation
that the mean function sequengg(xs, ..., x,) forn > k > 1 should satisfy

Fu(X1, ..oy Xky Xkgds - - o3 Xn) = F(Fie, oo o, Fi, Xk41, - .-, Xn), (2

whereF}, stands forFi (x1, ..., xx). Their other requirements include the continuity, sym-
metry, monotonic increment, and idempotence axioms [5,6] (see Section 2). This work
was extended to cover the weighted mean [7,8]. Also, the recursive associative property
was replaced by bisymmetric condition in [9,10].

The mean can also be viewed as a function for synthesizing judgements. If numerical
judgementss, ..., x, are given in a positive intervat, the synthesizing functioR maps
P" into a proper interval [4]. The following separability condition is the key axiom for
this approach:

F(xi,...,xp)=gkx1)o---0g(xy), Vx1,...,x, €P, (3)

whereg is a function mappingd onto a proper interval, ando is a continuous, associative
and cancellative mapping fromh x J into J [4,11,12]. It is known that those conditions
about the mapping are enough to guarantee that there exists a continuous and strictly
monotonic function?, such that [13]

uov=v"1Ww +ww). (4)

If F further satisfies the unanimity condition (i.e., the idempotence axiom),#{en =
n¥[g(x)]. Under these conditiond; is of the form (1) with the weighting constants
pi = 1/n andU being continuous [4,12].

Given the importance of the homomorphic mean and its applications, from a new per-
spective we report an axiomatic charactation of the mean as follows. The key axiom is
the following perturbation equation:

V[F(x), F(x+ Ax) = F(x)] =Y piV (xi, Ax;) + o([| Ax]]),
i=1

3 Here the mean function is denoted By(x) to emphasize its dependency @mnHowever, we will generally
use the notatiorF (x) without loss of clarity.
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when| Ax|| is sufficiently small, wherd - || is the canonical Euclidean norm, are pos-

itive constants withy /_; p; = 1, and the functiorV (-, -) is a measure on variation of a
guantity (either data or mean). More preciséfyw, 8) is a measure of the variation from

o to o + B. The same measure is applied upon both perturbation in data and change in
the corresponding mean. This axiom simply requires that the perturbation in mean is lin-
early dependent on the variation of each of the datum. The condition on the constants
further restricts that the mean perturbation be contained in the convex polyhedron with the
guantity variations as the vertices.

Despite the mathematical elegance of the previous studies [4-10,12], which are based
on functional equations, our approach is easier to be interpreted in practical applications.
With reasonable quantity variation functigraslarge class of means can be induced, which
also includes new means (see Section 4). jrs/ed in Theorems 3.1 and 3.2 that the in-
duced nonlinear homomorphic mean is uniquely determineglibiw, 0)/98. Conversely,
Theorem 3.3 shows that each nonlinear homomorphic neemn(1) can be generated by
a quantity variation functiorv as in Theorems 3.1 and 3.2. Although it may happen that
different choices of the quantity variation functidhcan induce the same mean function
(see Section 4), the relationship as characterized in Theorems 3.1-3.3 provides the guide-
line for selection of the quantity variation function. Note that the perturbation axiom is
well motivated, because it is quite reasonable to measure the change of a quantity, hence
to speculate a fundamental link among such changes in data and their mean.

The structure of this paper is as follows. In Section 2, notations and axioms are pre-
sented. The axioms include smoothness, symmetry, idempotence, translation, scaling, and
perturbation axioms. In Section 3, the main results are proved, including Theorems 3.1-3.3.
In Section 4, classic log—exp, arithmetith power and geometric means are rediscovered
by appropriately setting the quantity variation functignand new means are derived to
demonstrate the fertility of the perturbation axiom. In Section 5, those classic means are
further characterized from the perspective of different invariant properties, respectively.

2. Notationsand axioms

The domain of the mean function is the positive spRfe= {x e R": x; >0, i =
1,...,n}. For anyr € R, let7 be the vector irR", with each of its components equalrto
i.e.,r=(t,...,1) € R". We postulate the following axioms.

Axiom 1 (Smoothness)F is continuous, and F/dx; exists,i =1,...,n.

Axiom 2 (Symmetry).F (x1, X2, ..., Xp) = F(x1,x5, ..., x,), wherexy, x5, ..., x,, is any
permutation ofc1, x2, ..., x,.

Axiom 3 (Idempotence)F (¢) = ¢ for anyc > 0.
Axiom 4 (Translation).F (x +7) = F(x) + foranyr > 0.

Axiom 5 (Scaling).F (sx) = s F(x) for anys > 0.
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Axiom 6 (Perturbation)V[F (x), F(x + Ax) — F(x)] =>4 pi V(xi, Ax;) + o(|| Ax]|),
where V («, ) quantifies the variation fronx to o + g with V(,0) = 0, v(a, B) £
aV(a, B)/3B > 0 is continuous with respect o, 8,* and p; are positive constants with
dicipi=1

Remark 2.1. The domain of the mean function is restrictedR¢ because a quantity
variation function can be readily appreciatedhe positive space. When the mean function
is determined iR’} , it is often feasible to extend it to the whole sp&te(see the examples
in Section 4).

The smoothness axiom excludes the possibility that a small modification on a datum
would cause a dramatic change in the mean. Any mean function that violates the smooth-
ness axiom should not be considered. The symmetry axiom implies that a mean should be
a collective property regardless of the indexing of the data. By the nature of the mean, the
idempotence axiom is self-evident. The tratisin and scaling axioms describe invariant
properties under translation and scaling transforms, respectively.

While all the other axioms have alreadgdn mentioned in the literature, we under-
line that the perturbation axiom is our contribution for the axiomatic mean theory. For
characterization of nonlinear homomorphic means, only the smoothness, idempotence and
perturbation axioms are needed. Other axioms further restrict the homomorphic mean func-
tion to more concrete forms (see Section 5).

3. Main results

Theorem 3.1. Assume that F is a function satisfying the smoothness, idempotence and
perturbation axioms, F is of the form

F(x)= U—l[z piU(m], (5)
i=1

where U is differentiable and strictly increasing, {p;}7_, are the constants given in the
perturbation axiom.

Proof. By the Taylor expansion witth andV, we have

V[F(x), F(x + Ax) — F(x)] = V[F(x), > agf) Axi + o(llell)} (6)
i=1 !
n 8F
= V[F(x),0]+v[F(x), o][z afc)Ax,-] +o(llAx]). )
i=1 !

By the perturbation axiom,

4 In fact, we only need to assume thdtr, 0) is continuous with respect @ > 0.
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n BF n
v[F(x),O][Z af)Axi]=Zin(x,»,Axi)+o(||Ax||) (8)

i=1 ! i=1
=Y pivixi, 0)Ax; + o(|| Ax])). 9

i=1

Therefore,
oF

v[F(x),0] af)zpiv(x,-,O) (10)

foreachx;,i=1,...,n. Let

1
U = / v(a,0)da, (11)

10

wherenq is a constant such that the above integral exists foy all0.®> Then, (10) can be
written as

a
a_[UOF](x):PiU/(xi) (12)
Xi

foreachy;,i =1,...,n. Let1 be the vector oR’, with all the components being 1. Then
we have

U[F)] - U[F@)] = U[F(1+1(x —1)]['=L

U[F(1+1t(x —1)]dr

S

=

ai[UoF](1+t(x—1)) C(x; — D) dt
1 ot

i

=

Il
= o\n—\ o\n—\ o\l—\

piU'(1+1t(x; — 1) - (x; — D dt

i=1

piUQA+1@ = D) Zo=Y piUG) = piU()
i=1 i=1

i=1

s |l

=) piUxi)—-UQ),
i=1

5 The constantjg may be a positive finite constant o (see Section 4).
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where we have used the assumptions gt ; p; = 1 in the perturbation axiom. By the
idempotence axiom?(i) =1. Hence,U[F(i)] = U (1). Therefore, it follows that

U[F®]=)_ piU). (13)
i=1

Note thatl/’ () > 0 by the definitions of th& andV functions. The proof follows imme-
diately from (13). O

Incorporating the symmetry axiom, we can easily prove that

Corollary 3.2. Under the assumptions of Theorem 3.1, if F satisfies further the symmetry
axiom, F isof theform

1 n
F(x)= U—l[— ZU(m], (14)
n i=1
where U isthesame asin Theorem 3.1

Theorem 3.3. Assumethat F, isa nonlinear homomorphic meanasin (1). If U € CY(Ry),
then there is a quantity variation function V,. such that the mean function F as determined
in Theorem 3.1isequal to F,.

Proof. The proofis based on the following construction. Let

vila, B) = U'(a), (15)
Ve, B) =U'(@)B. (16)

By the proof of Theorem 3.1, the mean functibnas determined in Theorem 3.1 by the
guantity variation functiorV, is given by

F(x)= Ul[z p,-U(x,->].
i=1

The result follows immediately. O

4. Meansinduced by quantity variation functions

In this section, a number of classic homomorphic means are induced by appropriate
choices of the quantity variation functidn. Furthermore, new homomorphic means are
also formulated by some fairly simple quantity variation functions.

Weighted arithmetic mean. When the quantity variation is measured by Hiwsolute
error, we haveV («, 8) = 8. Then,
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v(e,0)=1, (17)

Um) =n, withno=0, (18)

F(x)=)_ pixi. (19)
i=1

Weighted geometric mean. When the quantity variation is measured by tdative error,
we haveV (a, 8) = B/a. Then,

v(a,0) = E (20)
o

U() =logn, withno=1, (22)

Fy=[]x" (22)
i=1

Weighted har monic mean. Let V («, 8) = 8/a2, which is a relative measure of the rela-
tive error and may be more appropriate than the classic absolute and relative errors in some
special situations. Then,

1
v(a, 0) = — (23)
o
1 .
U =-—, withno=o0, (24)
n
Fo) ! (25)
X)=————.
Yoima(pi/xi)
pth weighted mean. Let V (a, ) = Ba?~1 for somep > 0. Then,
v(a,0) =aP L, (26)
1 .
U(m) =—n?, withno=0, (27)
p

n 1/p
Fx)= (Z p,»xf) . (28)
i=1

Negative pth weighted mean. Let V («, B) = B/a1t? for somep > 0. Then,
0) = ! 29
v(e, 0) = PRETS (29)

1 .
U =———, withno=o0, (30)
pn?

n -1/p
F(x)= (Z pixi_p> . (31)
i=1
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Weighted log—exp mean. Let V («, ) = Bc* for somec > 0. Then,
v(a, 0) = ¢, (32)
Uan="1 " with =0 (33)
7] - |Og c ’ 770 - 1
F(X) = Iogc (Z picxi) . (34)
i=1
Leta =logc. Then, the log—exp mean is obtained as
1 n
F(x)==log)  pie™. (35)
¢ 4
Note that the following two homomorphic means are new, although similar means in-
volving the arctan function can be found in [14, Theorem 10]. They show a new way to
construct and study mean functions. Also, it would be inspiring and could be fruitful to

explore further along this direction.

Weighted arctan—tan mean. Let V («, 8) = 8/(1+ «?). Then,

1
v(e,0) = Tra? (36)
U(n) = arctarm, with np=0, (37)
n
F(x)= tan(Z i arctanx,»). (38)
i=1
Weighted shifted arctan—tan mean. Let V (a, 8) = 8/(1+ « + «?). Then,

(@0 =" (39)

(K, —- o 5>
l+a+a?
_ 2 arctagitz)
T V3 ,

U = + ,  Wwithno=0, 40

(m 33 73 10 (40)

V3tany ", pi arctar(l%’”)) -1
F(x)= > . (42)
Weighted shifted harmonic mean. Let V(«, 8) = 8/(1+ 2o 4+ «?). Then,

@0 =—— (42)

N = o0 a?
1

Un)=1———, withny=0, 43

(m Trn 10 (43)

Yica(pi/(xi + 1)
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Remark 4.1. The gquantity variation can also be measured in a log-scale of the original
data. It is found that the same homomorphic means are induced by different choices of the
guantity variation function. We just list the results as follows:

V(a, B) =log ot ’8, Um) =logn = weighted geometric mean;

o

a+p . . .
V(a, B) = (a+ B)log , Umn)=n = weighted arithmetic mean;
(07

a+p . . .

V(a, B) =alog , Umn)=n = weighted arithmetic mean.
o

5. Meanscharacterized by axioms

The previous section shows that a large class of homomorphic means can be induced
by quantity variation function® in the perturbation axiom. In this section, several classic
means are characterized by combinations of the invariance axioms in Section 2 under a
higher order smoothness assumption on the quantity variation furiétion

Theorem 5.1. Under the assumptions of Theorem 3.1, assume the quantity variation func-
tion V is C2.5 If F additionally satisfies the translation axiom, F is one of the following
two classic homomor phic means:

(1) the weighted log—expmean in (35) for some constant a # 0, or
(2) the weighted arithmetic meanin (19).

Note that the weighted arithmetic mean is the limit of the log—exp mean-a.

Proof. We only need to prove the theorem foe= 2. By Theorem 3.1, for any € R,

n
U(F(x0)) =) piU(x). (45)
i=1
Taking the derivative with respect iq, for any 1< k <n,
, oF (x ,
U (F(x))L = prU’ (xp). (46)
0Xk

By the translation axiom, for arny> 0,

U(F@) +1)=U(Fa+0) =Y pilU(xi +1).
i=1

6 Infact, we only need to assume thdtr, 0) in the perturbation axiom i1 as a function ofx.
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By the assumption on the functidn, U as constructed in (11) is2. Taking the derivative
on both sides of the above formula with respeat énd then letting — 0, we have

n
U'(Fx)=>_ piU'(xi). (47)
i=1
For any 1< k < n, taking the derivative with respect 1q, we have
1 8F X VA
U (F(x))J = prU" (xz). (48)
0Xk

By (46) and the above equation, we have, noting thdt) # 0 for anyr > 0 by its con-
struction and the assumption in the perturbation axiom,

U'F@) _ U (%)

= (49)
U'(F(x)) U'(xx)
for any 1< k < n. Hence, it follows that
U// . U//
(x))  U"(x) (50)

U'(xj)  U'(x)
forany 1< j, k < n and that this ratio is a constant. Let it be denoted byhen, we have
U//(t) _

T = (51)
fort > 0. That s,

U"(t)—aU'(t) =0, (52)
or

(e'U')) =0. (53)

Hence, there is a constamnsuch that
U'(t) = be, (54)
whereb # 0, sincelU’(r) # 0.
We consider the following two cases.

Casel. a+#0.By (47),

be' ) =p " pig, (55)
i=1
Hence,
1 n
F(x)==log)  pie™ (56)
a i=1

is the weighted log—exp mean in (35).
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Casell. a =0.By (54),U’(t) = b, a constant. Hencé] (r) = bt + ¢, for some constant
By (45),

n
bF(x)+c= priU(xi) +c.
i=1
Hence, it follows immediately that

n
F(x) =Y piU(xi)
i=1
is the weighted arithmetic mean in (19)0

Corollary 5.2. Under the assumptionsin Theorem5.1 If F also satisfiesthe scaling axiom,
F isthearithmetic mean asin (19).

Proof. Since the log—exp mean does not satisfy the scaling axiom, the result follows easily
from Theorem 5.1. O

In fact, the arithmetic mean can be characterized without the perturbation axiom. Specif-
ically, using the smoothness, idempotence, translation and scaling axioms, we can establish
the arithmetic mean as follows.

Theorem 5.3. To be consistent with the smoothness, trandation and scaling axioms, F (x)

is the weighted arithmetic mean asin (19). If F(x) is further restricted by the symmetry
axiom, it isthe arithmetic mean

1 n
Fo) == > xi (57)
i=1

Proof. Letgi(x) =9 F(x)/0x; for 1 < k < n. By the translation axiom and after differen-
tiation with respect tay, we have

gr(x +1)=gk(x), Vr>0. (58)
Similarly by the scaling axiom, we have
gk(sx) = gk(x), Vs >DO. (59)
By (59), we have
gk(X)=gk<”x—”), Vx e R. (60)
X
Then, by (58),
x+7
= — ], V R, vVt > 0. 61
e gk<||x+t||> reTe T (61)

Ast — 400, (x +7)/|x +7 || — 1. Lettings — oo, we have
g =ge(D), VrxeRL. (62)
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Hence,g; is a constant valued function. Lgt(x) = px for 1 < k < n. By the translation
axiom and after partial differentiation with respecttave have that

n
D a0 =1 (63)
k=1
Therefore,
n
k=1
Finally, by the scaling axiom and after partial differentiation with respegt e have
n
D xigk(sx) = F(x). (65)
k=1

Therefore,F (x) is the weighted arithmetic mean

F(x)= Z PkXk- (66)

k=1

If F(x) is additionally requested to satisfy the symmetry axiom, it is easy to prove that
all the p; are equal to An as in the proof of Theorem 3.2.0

Moreover, using the smoothness, idempotence, scaling and perturbation axioms, we can
characterize either theh weighted power mean or the weighted geometric mean.

Theorem 5.4. Under the assumptions of Theorem 3.1, and assume that the quantity vari-
ation function V in the perturbation axiom is C2. If F additionally satisfies the scaling
axiom, it is one of the following two homomor phic means:

(1) the pth weighted power mean in (28) for some constant p # 0, or
(2) the weighted geometric meanin (22).

Note that the weighted geometric mean is the limit of fitle weighted power mean as
r— 0.

Proof. We only need to prove the theorem fer> 2. By Theorem 3.1 and the scaling
axiom, for anyx € R’, ands > 0,

U(sF(x)) =U(F(sx)) =Y piU(sxi).
i=1

By the assumption on the functidf, U as constructed in (11) i§2. Taking the derivative
on both sides of the above formula with respect amd lettings — 1, we have

U'(F))Fx) =Y pil'(xi)xi. (67)

i=1
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For any 1< k < n, taking the derivative with respect iq in (67), we have

oF
[U"(F () F(x)+ U/(F(x))]%:) = pi(U" ) xi + U’ (x)).

Similar to what has been done in the proof of Theorem 5.1, by (46) and the above equation,
we find that

U"(FE)Fx) + U (F(x) UGk + U (o)

) (68)
U'(F(x)) U’ (xi)
and that this ratio is a constant. Let it be denotegbwe have
U// U/
®r+U'(@) _ (69)
U' (1)
fort > 0. Then,
UWﬂ—%UKﬂ:Q (70)
wherea = p — 1. Then,
(79"’ (1)) = 0. (71)
Hence, there is a constansuch that
U'(1) = be? 109" = . (72)
b # 0 sincelU’(r) # 0.
We consider the following two cases.
Casel. a # —1.By (67),
n
bF(x)*F (x) =b2xj‘x,. (73)

i=1
Hence, it follows immediately thaf (x) is the pth weighted mean (28).

Casell. « = —1.By (72),U’(r) = b/t. Hence,U () = blogt + ¢, for some constant.
By (45),

n
blogF(x)—i-c:pri logx; +c.
i=1
Hence, it follows immediately thaf (x) is the weighted geometric mean in (22)a
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