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Numerical study on the validity
of the diffusion approximation

for computational optical biopsy

Haiou Shen, WenXiang Cong, Xin Qian, Kumar Durairaj, and Ge Wang

Department of Radiology, University of Iowa, Iowa City, Iowa 52242

Received April 5, 2006; revised August 23, 2006; accepted August 24, 2006;
posted September 6, 2006 (Doc. ID 69654); published January 10, 2007

Currently, we are developing a computational optical biopsy technology for molecular sensing. We use the dif-
fusion equation to model photon propagation but have a concern about the accuracy of diffusion approximation
when the optical sensor is close to a bioluminescent source. We derive formulas to describe photon fluence for
point and ball sources and measurement formulas for an idealized optical biopsy probe. Then, we numerically
compare the diffusion approximation and the radiative transport as implemented by Monte Carlo simulation
in the cases of point and ball sources. Our simulation results show that the diffusion approximation can be
accurately applied if �s���a even if the sensor is very close to the source ��1 mm�. Furthermore, an approxi-
mate formula is given to describe the measurement of a cut-end fiber probe for a ball source. © 2007 Optical
Society of America
OCIS codes: 170.3660, 290.1990, 170.6280.
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. INTRODUCTION
he use of optical probes (fluorescence and biolumines-
ence) to depict gene expression and other molecular sig-
atures in vitro is a well-established technique for biologi-
al studies and has been recently extended into living
mall animal models. Optical molecular tomography,
amely, bioluminescence tomography1–5 (BLT) and fluo-
escence molecular tomography (FMT),6 is a rapidly de-
eloping area of optical molecular imaging. One major ob-
tacle for optical molecular tomography is that when light
ources are small, weak, and deep in a living body, they
annot be effectively imaged because of the strong absorp-
ion and scattering in tissues. The problem is more seri-
us with larger animals and in clinical settings.

We have proposed a computational optical biopsy
COB) approach7,8 to meet this challenge. The COB is to
ocalize and quantify light sources in vivo deep inside a
iving animal or patient. The key components of a COB
ystem are an optical probe such as a fiber-based needle,
data acquisition unit, and a computational engine. The

ata collected by the probe along one or multiple trajecto-
ies are processed to estimate the source parameters of
nterest. Optical properties of the tissues and organs may
lso be recovered in the COB process to facilitate the re-
overy of the source features.

Biological tissue is a turbid medium that both scatters
nd absorbs photons. The propagation of photons can be
ccurately modeled by the radiative transport equation
RTE).9,10 Because of the difficulties in handling the RTE
irectly, the diffusion approximation to the transport
quation has been widely used in biophotonics.11–15 To ap-
ly the diffusion approximation, photon scattering must
e the dominant factor in the material.16 Most applica-
ions of the diffusion approximation are with large propa-
1084-7529/07/020423-7/$15.00 © 2
ation distance17,18 in order for the weakly anisotropic
ight propagation assumption to hold. In biological tissue,
hotons are scattered due to changes in the refractive in-
ex at cell membranes and internal organelles. Typically,
or ��600 nm, the effective scattering coefficient is much
tronger than the absorption coefficient for biological
issues.19,20 The firefly luciferase for bioluminescence has
broad spectrum and contains a large component above

00 nm.21 In fact, for BLT, we have used the diffusion
heory to describe the bioluminescent light transportation
n tissue. For BLT, the measurement is on the surface.
he distance between the bioluminescent source and the
urface generally is large enough to support the weakly
nisotropic light propagation assumption.
In our proposed COB, an optical fiber-based probe is in-

erted into the tissue to be near or even inside a biolumi-
escent light source to collect the light signal. Therefore,
he critical important question that arises is, “Can we ap-
ly the diffusion approximation for COB?” Flock et al.22

imulated an infinitesimally wide (pencil) beam normally
ncident on a homogeneous semi-infinite slab and com-
ared the results with the diffusion theory for photon flu-
nce and showed that the diffusion approximation is ac-
urate for weakly anisotropic light propagation and high
alues of the scattering albedo. But their result does not
nswer our question. Since there is no prior work target-
ng this question, here we employ the Monte Carlo
imulation23 to study the validity of the diffusion equa-
ion in the COB context with an emphasis on
ioluminescence-based COB. In Section 2, we present sev-
ral diffusion formulas for point and ball sources. In Sec-
ion 3, we compare the Monte Carlo simulation and the
iffusion approximation. Finally, in Section 4, we discuss
elevant issues and conclude the paper.
007 Optical Society of America
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. DIFFUSION-APPROXIMATION-BASED
ORMULAS
iological tissue is a turbid medium that both scatters
nd absorbs photons. The three key parameters to de-
cribe scattering and absorption are absorption coefficient
a �cm−1�, scattering coefficient �s �cm−1�, and anisotropy
. �a is defined as the probability of photon absorption per
nit infinitesimal path length, and �s is the probability of
cattering per unit infinitesimal path length. g is the av-
rage of the cosine value of the deflection angle.

COB8 is used to localize and quantify a light source
eep inside a subject. In contrast to existing optical biopsy
ethods, this scheme is used to collect optical signals di-

ectly from a region of interest along one or several biopsy
njection paths in a subject, and then compute features of
n underlying light source distribution. In COB, since the
etector is deep inside the medium, in its local neighbor-
ood, the boundary condition has almost no effect. Hence,
e can assume that the medium is infinite. The shape of a

eal bioluminescent source is irregular, but given the
trong scattering, a ball source assumption is a good
tarting point. In the following, we will assume an infinite
omogeneous medium embedded with a point or ball
ource.

Two types of optical fibers can be used to collect optical
ignals: an isotropic optical probe (a ruby sphere glued on
he tip of a cut-end fiber) can be used to measure the local
uence rate and a cut-end fiber can be used to measure
he incident photons on the cut-end tip. In the case of a
omogeneous tissue with �a��s, a diffusion formula has
een widely used to describe the photon transport. Figure
shows a point source and a ball source. With a point

ource, the photon fluence �P
F �W/cm2� decays exponen-

ially according to11

�P
F�r̂� =

Pe−�effr

4�Dr
, �1�

here P is the source power, D is the diffusion coefficient
efined by D=1/ �3��s�+�a�� �cm�, and �eff= �3�a��s�
�a��1/2 �cm−1�, �s�= �1−g��s �cm−1� is referred to as the re-
uced scattering coefficient �cm−1�. The scattering angle
n the tissue is usually small with g�0.9. Note that the
uclidean norm of a vector v̂ is represented as v. In this

ormula, r̂ is the vector from the detector to the light
ource, r is the Euclidean norm of r̂. In our simulation ex-
eriments, the number of photons per second is used for
he measurement of the power.

Then, we derive the following two formulas to describe
he photon fluence from a ball source:

B,r�R
F �r̂,R�

= �P
F�r̂�

3��e−R�eff − eR�eff� + R�eff�e−R�eff + eR�eff��

2R3�eff
3 , �2a�

B,r�R
F �r̂,R�

= �P
F�r̂�

3e−R�eff�1 − e2r�eff + �2e�r+R��effr + R − e2r�effR��eff�

2R3�eff
3

�2b�
hese formulas are derived from Eq. (1) after an integra-
ion over the region of the ball source. Equation (2a) can
lso be derived using Green’s function.24 As shown in Fig.
(b), R is the radius of the ball source. If r�R, the differ-
nce between a ball source and a point source is a multi-
licative constant, which relies only on R and �eff. It may
ppear that if r�R, then a ball source will be equivalent
o a point source of the same total power. However, as
hown below in our simulation, the ratio between the pho-
on fluence measures due to a ball source and a point
ource is indeed very close to the constant predicted by
q. (2a).
Even using an isotropic probe, photon fluence is not

asy to measure in practice. In our COB configuration, a
ut-end fiber is employed. In this case, we need a formula
o describe the number of detectable photons incident on a
nit plane detector surface. For that purpose, the radi-
nce L �W/cm2/sr� in a tissue along a unit vector ŝ is
iven by25

L�r̂, ŝ� =
1

4�
��P

F�r̂� + 3j�r̂� · ŝ�, �3�

here j�r̂� is the flux, which is related to the fluence
hrough j�r̂�=−D��P

F�r̂�.
Based on the radiance, we can describe the detector
easurement. For a point source, we have

P
M�r̂,û,��

= �P
F�r̂�

r sin���2 + 2D cos�	��1 − cos���3��1 + r�eff�

4r
. �4�

s shown in Fig. 1(a), û is the unit normal vector of the
etector surface, � is the half-angle of the cone, which in-
icates the maximum incident angle of photons inter-
epted by the detector, cos�	�= r̂ · û /ru. The number of the
etected photons can be calculated as �P

M
S, where S is
he area of the detector.

For a solid ball source, we can have the following inte-
ration formula based on Eq. (4),

ig. 1. Illustration of the point and ball source models. r̂ is the
ector from the center of the detector of the source, û is the unit
ormal vector of the detector surface, � is the half-angle of the
one that indicates the maximum incident angle of photons in-
ercepted by the detector, 	 is the angle between r̂ and û, and R
s the radius of the ball source. (a) Point source. (b) Solid ball
ource.
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�B
M�r̂,û,�,R� =�

�

�P
M�r̂�,û,��d�, �5�

here � is the region of the ball. There are numerous
ays to compute this integration. Our way is to use the
onte Carlo integration23 that gives satisfactory results

fficiently. In the next section, based on our simulation re-
ults, we have derived an approximation formula for Eq.
5).

. NUMERICAL SIMULATION RESULTS
n this section, we will verify the above formulas by
onte Carlo simulation in the COB context. The Monte
arlo method23 is a good standard technique to solve com-
lex biophotonic problems.22,26–30 MCML29 is one of the
tate-of-the-art Monte Carlo simulation program, which
imulates the light transportation in multilayered tis-
ues. Our situation is different where a point or ball
ource is embedded in an infinite medium, which can be
omogeneous or radially heterogeneous. Based on
CML, we developed a Monte Carlo simulation program.
he accuracy of the code was verified by extensive com-
arison with another open-source Monte Carlo program31

nd a commercial program: TracePro (Lambda Research
orp.).
In our program, we use the same formulas as in the
CML to define the photon launching, step size, photon

ig. 3. Comparison of MCP
F and �P

F [Eq. (1)] for a point source
0.2 �cm−1�, (b) �a=0.5 �cm−1�, (c) �a=1.0 �cm−1�, (d) �a=2.0 �cm−

ig. 4. Comparison of MCP
M and �P

M [Eq. (4)] for a point source
0.2 �cm−1�, (b) � =0.5 �cm−1�, (c) � =1.0 �cm−1�, (d) � =2.0 �cm−
a a a
bsorption, and photon scattering. As shown in Fig. 2, a
oint or ball source is inside the medium, and a set of con-
entric shells around the source is generated with a
.01 cm thickness between adjacent shells. A variable
Absorption” is associated with each shell. If some energy
s lost in a shell, the lost energy will be added to the Ab-
orption of this shell. The absorbed photon energy can be
onverted into the photon fluence �F�r̂�, which is equal to
he energy divided by the coefficient �a. Using this tech-
ique, Eqs. (1) and (2) can be evaluated for accuracy.
To verify Eq. (4), which presents the measurement with
detector, we considered a special case:

�Point
M �r̂,û,�/2� = �Point

F �r̂�
r + 2D�1 + r�eff�

4r
. �6�

n this formula, the detector surface is oriented toward
he light source directly, cos�	�=1, and the numerical ap-

ig. 2. Illustration of the Monte Carlo simulation of the point
nd ball sources in an infinite medium.

infinite medium with g=0.9 and �s= �50,150,250� �cm−1�. (a) �a

infinite medium with g=0.9 and �s= �50,150,250� �cm−1�. (a) �a
in an
1

in an
1�.
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rture sin�� /2�=1. In this study, we assumed that the
ize of the detector was 0.022� �cm2�. Then, for each shell,
nother variable, “OutPhotons,” is also utilized. In the
onte Carlo simulation, the program recorded the num-

er of photons that traveled from one shell to an immedi-
te outer shell in the variable OutPhotons. Using this
echnique, we can verify Eq. (6). Alternatively, a plane de-
ector was placed in the medium to record the number of
hotons incident on its surface to verify Eq. (6). Most
onte Carlo simulation programs allow one to equiva-

ig. 5. (a) Comparison of MCB
F and �B

F [Eq. (2)] and (b) compariso
= �0.05,0.1,0.2,0.3� cm.

ig. 6. (a) Comparison of MCB
F and MCP

F; (b) comparison of MC
caleF; (d) comparison of MCB

M /MCP
M and the diffusion prediction

m. (a) and (b) show that MCB
F /MCP

F and MCB
M /MCP

M are consta
scaleM for r�R.
ently propagate many photons as a packet along a par-
icular pathway simultaneously to improve the efficiency
f the simulation.29 Another old way is to set one photon
or each packet, which can improve the simulation accu-
acy. In our Monte Carlo program, we implemented both
echniques, which we refer to as the package and photon
odes, respectively.
The bioluminescent photon emission rate varies de-

ending on the cell; the rate is in the range of
–100 photons/cell/s.21 The number of cells of a biolumi-

CB
M and �B

M [Eq. (5)] with �a=0.5, �s=150, and g=0.9 for different

MCP
M; (c) comparison of MCB

F /MCP
F and the diffusion prediction

. �a=0.5, �s=150, and g=0.9 for different R= �0.05,0.1,0.2,0.3�
r�R. (c) and (d) show that MCB

F /MCP
F�scaleF and MCB

M /MCP
M

n of M
B
M and
scaleM

nt for
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escent source for a small animal can be several millions.
he power of the bioluminescent source is determined
y the photon emission rate and the number of cells in
he bioluminescent source. The power can be several
housand photons to several 108 photons. From
he Eqs. (1)–(5), the result is in direct proportion to the
ower of the light source; hence we can use one source
ower in all simulations and still get the result for the
ther source power. Since the source power is decided by
he number of cells, if we are using a ball source model, R
as a relation with the cell type and the power of the
ource. Typically, an animal cell is about the size of
0 �m; then a R=1 ball can contain approximately sev-
ral 106 cells. A bioluminescent source can contain several
housand to 107 cells; hence R can be a submillimeter to
everal millimeters. In our study, we will use R
�0.05,0.1,0.2,0.3� cm. In all our Monte Carlo simulation

ig. 7. Comparison of scaleM and scaleF with R
�0.05,0.1,0.2,0.3� cm, �a=0.5, �s=150, and g=0.9. This figure
hows that if r�R, scaleM�scaleF.
�

4
W
t
n
d

xperiments, we assumed P=3
107 photons/s. We ran
ach test ten times with different random seeds and used
he average as our result. In all the following figures,
CP

F denotes the Monte Carlo result for Eq. (1), MCP
M de-

otes the Monte Carlo result for testing Eq. (4) with �

� /2 and 	=0, MCB
F represents the Monte Carlo result

or Eq. (2), and MCB
M shows the Monte Carlo result for Eq.

5) with �=� /2 and 	=0. From the literature19,20,32 the
ommon range of �a is �0.1,1� cm−1 and �s is 100 to sev-
ral hundred cm−1. In this study, we use �a= �0.5,1�, �s
�150,250�, and g=0.9.
Figure 3 shows the comparison between MCP

F and �P
F

Eq. (1)] for combinations of different coefficients. For �a
�0.5,1�, the scale MCP

F and �P
F is very close to 1. Let us

efine the region with a less than 10% error as a good re-
ion, “GRegion.” For �a= �0.5,1�, the GRegion covers all
he regions we are interested in, even when the detector
s very close to the light source. Also, if �s is increasing or
a is decreasing, the diffusion approximation produces
etter results. Figure 4 examines MCP

M and �P
M [Eq. (4)].

t can be seen that the profiles in Fig. 4 are similar to
hose in Fig. 3. For Eq. (4), if the fiber is very close to the
ight source, the error is large, but the curve rapidly con-
erges to almost 1.

Figure 5 compares �B
F [Eq. (2)] with MCB

F and �B
M [Eq.

5)] with MCB
M for a ball source. In this figure, �a=0.5 and

s�=15, and R= �0.05,0.1,0.2,0.3� cm. It is clear that there
s a transition across the surface of the ball source. For
�R, the diffusion results are generally very good. For r
R, the error due to the diffusion approximation is not

arge if R is greater than 2 mm.
Figure 6 quantifies the difference between the Monte

arlo simulations between point and ball sources. Let
caleF=�F /�F. Then, we have
B P
scaleF =
�B

F

�P
F = 	

3��e−R�eff − eR�eff� + R�eff�e−R�eff + eR�eff��

2R3�eff
3 , r � R

3e−R�eff�1 − e2r�eff + �2e�r+R��effr + R − e2r�effR��eff�

2R3�eff
3 , r � R

. �7�
t can be seen that the diffusion prediction fits the simu-
ation results fairly well, as shown from Figs. 6(a) and
(c). Figure 6(a) shows that while r�R, MCB

F /MCP
F is a

onstant. Figure 6(c) shows that while r�R, the diffusion
rediction scaleF is a good estimation of MCB

F /MCP
F. Note

hat when R is large (for example, 2 mm), even if r�R,
he equality MCB

F �MCP
F does not hold. Let us define

caleM=�B
M /�P

M. Figure 6(b) shows that while r�R,
CB

M /MCP
M is a constant. Figure 6(d) shows that while r

R, the diffusion prediction scaleM is a good estimation of
CB

M /MCP
M. Figure 7 compares scaleM and scaleF, show-

ng that for r�R, the two ratios are nearly identical.
ased on these, an approximate version of Eq. (5) is given
s follows:
B,r�R
M �r̂,û,�,R�

= �P
M�r̂,û,��

3��e−R�eff − eR�eff� + R�eff�e−R�eff + eR�eff��

2R3�eff
3 .

�8�

. DISCUSSION AND CONCLUSION
e know the mean free path of a photon is 1/ ��s+�a�; af-

er each step, a photon can be absorbed or scattered or
othing happens. If �s increases, the mean free path will
ecrease. For a point source, photons are launched at the
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ame location with a different direction. After photons are
aunched, the direction of the photon is leaving the light
ource. Since g=0.9, the photons need some scattering
teps to be totally diffused. This is the reason why a dif-
usion equation has a relative large error while it is near

point source and increasing �s will decrease the dis-
ance to diffuse the light source. For a ball source, the
ituation is different. For a point inside a ball source, the
irections of launched photons around the point have
ll kinds of directions; hence for the point inside
ball source, the photons are already diffused by the

olume of the ball source. For this reason, if the size
f the ball source is large enough, the diffusion
ormula can have very accurate results even inside the
all source.
A strange phenomenon is while the distance is increas-

ng, MCB
F /MCP

F�MCB
M /MCP

M=C, where C�1 is a con-
tant. This means if R is large enough, we could not use a
oint source to model a ball source even if r is very large.
One important phenomenon we can see from Fig. 3 is

hat when the distance between the detector and the
ource is increased, the relative variation in the Monte
arlo simulation results is also increased. This is reason-
ble. The signal has an inherent Poisson noise33; when
he signal is weak, the Poisson noise is relatively strong.
or a Poisson distribution, �=
�, where � is the standard
eviation and � is the mean value. In our COB configu-
ation, we use a single-photon counter (SPCM16, Perki-
Elmer, Inc.) to count the number of photons. Let t be the
ounting time in seconds, N the number of photons inci-
ent on the detector in 1 s, Q the quantum efficiency, and
the dark count of the photon counter. The total readout

f the photon counter is N
 t
Q+D
 t; hence the signal-
o-noise ratio is N
 t
Q /
N
 t
Q+D
 t. The SPCM16
hoton counter has a dark count of �10/s and 65% quan-
um efficiency. To increase the signal-to-noise ratio, in-
reasing t is the only choice.

In conclusion, we have formulated solutions for photon
uence and detector measurement based on the diffusion
pproximation in the cases of point and ball sources.
hen, we have evaluated those formulas against the
onte Carlo simulation. Our results have indicated the

ollowing guidelines for COB:

(a) If �s���a and r is large (1 mm in most cases), the
iffusion equation is a good approximation with a �10%
rror.

(b) If �a is large, the diffusion approximation can ap-
ly only within a narrow region. A Monte Carlo simula-
ion can be conducted to delimit the region.

(c) Equation (5) is a good approximation of the
onte Carlo simulation.

(d) For a ball source with R
1 mm, we can use a
oint source model without any correction for r�R.

(e) For a ball source with large R, we can use a point
ource to approximate a ball source according to Eq. (8)
or r�R.
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