Helical CT image noise—analytical results
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Helical CT is an important recent development in x-ray CT. In helical CT, planar projection sets
are synthesized from raw projection data via interpolation. Among various interpolation
schemes, linear interpolation is usually preferred duc to its cfficicncy and performance. In this
paper, image noise variance is derived for typical helical CT linear interpolation techniques,
including the full scan (FS), under-scan (US), full scan with interpolation (FI), half-scan
(HS), half-scan with interpolation (HI) and half-scan with extrapolation (HE) methods. Image
noise deviation ratios of helical CT to conventional 360° reconstruction (CR) are tabulated.
These are consistent with previously reported simulation results. The theoretical results provide
further understanding of helical CT noise performance. It is shown that helical CT image noise
deviation is independent of transaxial position, proportional to the raw projection noise devia-
tion, and not affected by the fan angle (approximately for the HE method). Also, helical CT
image noise variance is proportional to the area under the square of the reconstruction filter.
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I. INTRODUCTION

Helical computed tomography (CT) is an important re-
cent development in x-ray CT for rapid volumetric
scanning."™* In helical CT, source rotation and patient
translation are performed simultaneously. Consequently,
data acquisition time is reduced, retrospective reconstruc-
tion is allowed, and the longitudinal components of the
reconstruction error are more evenly distributed. Another
possible advantage of helical CT is a reduction in radiation
hazard, since the maximum amount of radiation dose to
individual cells is minimized. Due to these unique advan-
tages, helical CT has been widely accepted clinically. How-
ever, helical CT has also some minor drawbacks. Depend-
ing on algorithms and imaging parameters (collimation,
table increment, reconstruction interval, x-ray tube power,
ete.), rcconstructed images usually contain varying sinall
amounts of longitudinal blurring and noise.

Helical CT image quality is essentially described in
terms of spatial resolution and contrast resolution. The
contrast resolution quantifies the ability to reveal small
local attenuation changes in the human body, thus it is
critically important for some clinical applications, such as
lesion detection. The contrast resolution is directly affected
by helical CT image noise.

Helical CT requires that planar projection sets be syn-
thesized from raw projection data via interpolation.
Among various interpolation techniques, linear interpola-
tion is usually preferred due to its efficiency and perfor-
mance. Typical linear interpolation techniques includc full-
scan (FS), under scan (US), full scan with interpolation
(FI), half-scan (HS), half-scan with interpolation (HI)
and half-scan with extrapolation (HE) methods.>*>® In the
FS method, raw projection data are collected at an angular
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range of 360° and undergo no modification before convo-
lution and back-projection. Hence, the FS method is the
simplest interpolation algorithm. The US and HS methods
require the angular range to be 360° and 180° plus a fan
angle, respectively. In both the US and the HS methods,
raw projection data are underweighted near the beginning
and end of a scan, compensated by overweighting projec-
tion data near the middle of the scan. In the FI method, a
set of planar projection data in a 360° angular range is
obtained via linearly interpolating neighboring raw projec-
tion data at the same orientation; hence the raw data in-
volved span a 720° angular range. The HI method utilizes
the redundancy of raw fan-beam data, interpolates neigh-
boring raw data at opposite directions, and thus reduces
the angular range from 720° required by the FI method to
360° plus two fan angles. The HE mcthod climinates the
condition required by the HI method that the projection
rays must be from different sides of a reconstruction plane.
In the HE method, if the opposite rays are from the same
side of the plane, extrapolation is performed to estimate the
corresponding projection value; otherwise, still interpola-
tion as in the HI method. Using the notations chosen by
Kalender et al, the FI and HI methods are equivalent to
the 360LI and 180LI methods, respectively.’® Among
these linear interpolation methods, the US, HI, and HE
methods are favored. Compared with others, these meth-
ods efficiently utilize raw data, reliably synthesize planar
projections, and generally result in satisfactory recon-
structed images.>>¢

Previous studies on the relationship between the helical
CT image noise and linear interpolation schemes were
done either numerically or experimentally.>>~7 In this pa-
per, image noise variance associated with typical linear
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interpolation methods is derived. Image noise deviation {\ z
ratios of helical CT to conventional 360° reconstruction
(CR) are tabulated and discussed.

g Helical scanning locus

Il. PROJECTION NOISE MODEL . &

Assume that the projection Py(?), as shown in Fig. 1, is 9

ipe . . y

corrupted by an additive white noise vg(¢); then the mea- 1 L
sured projection P g'(¢) is expressed as -

P g (1) =Py(1) +ve(2), (D k.
and the correlation function Py (1) g : \§ x

E[vg (1)vg,(1)1=S:8(8,—6,)8(1,—1y), (2) A
where S is the noise spectrum density. Denote the Fourier
transform of vg(#) as Ng(w), —

»\\\\\\\\\\\\\\\\\\ zx
@ . g (_i, i :|
NG(W)= J- vg(t)e—121rwtdt, (3)

—©

FIG. 1. The helical reconstruction coordinate system in the HI method.

: 8
it follows that Projection P,(?) is the line integral along the ray L.

E[Nel(wl)N!okz(wZ)] = f f E[U@l(tl)voz(tz) ]e_iZﬂ’(wltl—wztz) dt] dtz
=S5,8(6,—6,) fw F 5(t—t) e~ mwii—watd) gy, dt,

=S,6(0,—6,) J'w e~ 2= w)! gr— § 8 (w, —w,)8(6,—6,). (4)

Ill. IMAGE NOISE VARIANCE FORMULA

With a linear interpolation method, two independent white noise sources in the projection domain are linearly com-
bined,

ve(1,2) =a(6,1,2)vg(1) +b6(0,1,2) vy (1), (5)

where a(6,t,z) and b(6,t,z) are interpolation coefficients; functions of the rotation angle 6, the detector position ¢, and the
slice longitudinal location z. It can readily be shown that the correlation function of vy(#,z) can be expressed in terms of
the original noise spectrum density .Sy and the interpolation coefficient functions a(6,t,z) and b(6,7,z) as follows:

E[vg, (1),2)g,(12,2) 1 =So[a(61,t1,2)a(0,,15,2) +b(6,,t1,2)b(05,t,,2) ]8(0,—6,)8(¢,—1,)

= Sold?(8,,t,,2) +b*(01,11,2) YSola*(6,,55,2) +b(60,,1,,2) 18(6; — 6,)8(1,—1,)

= S1(01,t1,2)8(601,1,,2)8(0,— 0,)8(t, —1,), (6)
where
S:(0,t,z) =S,[a*(0,t,2) +b*(6,1,2) ]. @)
Hence
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E[Nel(wl’z)N’gz(wz,z)]zE( f vol(tl,z)e—i21rw1t1 dt1 f Uez(tz’z)e+i2ﬂ'wztz d[z)

® ® 2wty —waty)
= J‘ f E[Ug[(tl,z)l)gz(tz,z)]e_' T ) gy, dt,
— 0 — 0

- Jm fw VSi(61,11,2)87(0,,1,,2)8(0,— 0,)8(1,—ty) e~ 271t —wan) gy, dr,

=6(60,—6,) fw VS1(81,4,2)8(0,,t,z) e~ 271 wi—w2) gy (8)
The image noise variance at the position z can be computed as follows:

Obnear(2) =E[ F(x,) — f(x,0) ]2

:E[ (/i f:ﬂ f_: No(w,z)

1 kmr © . . *
X (i J- J Ng(w,Z) ‘w’G(w)e’ 27rw(x cos 6+ sin G)dw d@)
g 0 o

w' G(w)eiZﬂw(xcos 8+ ysin 9)dw d@)

1 (kr rhkr o ) co R
= f j f (5(91 —6,) J. VS:(0,,1.2)8,(0,.1.2) e~ 2 (wr—wy) dt)
0 0 — — — 0

X |w1w2| G(wl)G*(wz)eiZ‘rr[wl(xcos 01 +ysin 6)) —w, (x cos 6, +y sin 92)1(191 d92 dw1 dw2

1 km © - - '
:P f f ( f S:(6,t,z) e~ 2mt(w1—w,) dt)
o J_ow Joo\J)_ o

X |w1w2| G(wl)G*(wz)eiZﬂ(x cos 6+ sin 0) (w; —w,) do dwl dw2, (9)

where k=2 for the CR, FS, US, and FI methods, k=1 for the HS, HI, and HE methods,

and G(w) is the smoothing filter
used. Note that the parallcl

-beam reconstruction formula is used in computing the image noise variance. Actually, for a
given set of projection data, the reconstructed image is the same whether using the parallel-beam reconstruction formula

with the data organized in the parallel-beam projection format or using the fan-beam reconstruction formula with the data
organized in the fan-beam projection format.

Averaging o, (z) with respect to z, we have

1 ki ) © ®© .
aﬁnearzEz[oﬁnear(z) ] =P J;) f_ f ( J- Ez[Si(e,t,Z) ]enlzm(wl_wz) dt)

X ,wlwzlG(w])G*(wz)eiZn'(xcos0+ysin0)(w,—w2) 46 dwl

1 fhkr o rw w _
R s

X lwlw2 , G(wl)G*(u}Z)eiZn(xcos 0+ sin 0) (w;—w,) do dw,

dw2

dw,, (10)
Medical Physics, Vol. 20, No. 6, Nov/Dec 1993




1638 G. Wang and M. W. Vannier: Helical CT image noise
where we have used the fact that EJ[S;(6,t2)]
=Ey[S(6,t,2)]=E, ¢[S;(6,t,2)], which depends upon nei-
ther z nor 8, and hence is denoted as .§,-(t). Therefore, for
a given linear interpolation method, if S;(¢) can be analyt-
ically determined, the image noise variance can be directly
derived. In the CR method, S;(¢) =S,; hence we have

oer="SoF, (11)

where F=(7/2) [ |w|?| G(w)|* dw. We will use ocg
as a comparison standard for evaluating helical CT image
noise deviations.

IV. IMAGE NOISE VARIANCES WITH FS, US, FI,
HS, HI, AND HE METHODS

In the following derivation, we ignore the influence of
the feathering algorithm, as the feathering distance is very
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small.? Let us start with the FS and HS methods. In both
the FS and the HS methods, projection data are recon-
structed without compensation for the table motion, that
is, S;(t) =S,; therefore we obtain immediately

ors=SoF, (12)

ohis=250F, (13)

where the conventional 0—~1 weighting function is assumed
for the HS method. Note that o is the same as derived by
Kak and Slaney.®

The US method is typically with the following weight-
ing function:®

2 2 "_BBu , B<[0,8,);
1, Be (B, m—B,—2vI];
w(By)={2—(3x*—2x), leﬁ;;;—'”z—yl, Be (m—B,—2y, T+B,—2v]; (14)
1, Be (m+B,—2y, 2mr—B,];
L 3?24, x=2’;:ﬁ, Be(2m—B,, 2m),

where 8 and y denote the view and detector angles, and B,
is the under-scan angle. In this case, S;(¢) can be computed
below:

_ 27 —4p 2B 1
Sio=" “so+27“su( fo (3x2—2x%)2 dx
1 26
2 3y72 _ <O Py
+f0 [2—(3x*—2x7)] dx)_(1+35 ”)SO,
(15)
Hence

26 B,

a%ls=(1+§§ ;)SOF. (16)

In the FI method, Si(¢) can be found by performing the
integral

_ "1 2
S,-<r>=S0JO [+ (1—x)?]dx=3 5. (17)

Interestingly, S,(¢) with the HI method is also equal to S,.
Figure 1 illustrates the helical reconstruction coordinate
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system used in the HI method. As shown in Fig. 2, for a
given detector distance ¢, a 27 angular range of 8 can be
divided into two subintervals, [—d&,m+¢) and [7+¢,27
—¢), where ¢=tan"!(t/ D%, —£), D,, is the source-to-
origin distance. In each subinterval, as 8 increases from the
minimum to the maximum, the position of the ray, along
which the projection value is to be estimated, changes lin-
early from that of the upper helical ray to that of the lower
one, while the distance between the upper and lower rays
remains a constant. Then, we immediately obtain that
S.(t) = 23S, according to Eq. (17). Substituting S;(#) =35,
into Eq. (10) with k=1 and 2, we have

op=3S0F, (18)
and

ot =3SoF, (19)
respectively.

In the case of the HE method, a closed form analytical
solution is difficult to find. However, numerical computa-
tion shows that S(z) is very flat for typical helical CT
parameters. When the ratio of the object radius over the
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FiG. 2. In the HI method, the angularly averaged projection noise vari-
ance is independent of the detector position. (a) The whole angular range
can be divided into two subintervals for a given detector position; (b) in
each interval, the angularly averaged noise variance is two-thirds that in
the original projection data.

source-to-origin distance was set to § and 1, the means of
S;(¢) are 1.34 and 1.50, while their standard deviations are
0.08 and 0.003, respectively. Therefore,

Ot =CSoF,
where ¢ is approximately between 1.34-1.50.

(20)

V. DISCUSSION AND CONCLUSION

The image noise variance associated with various inter-
polation methods are analytically derived. Image noise de-
viation ratios of helical CT to conventional 360° recon-
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struction (CR) are tabulated in Table I, which are
consistent with previously reported simulation results.*>”
Actually, using our formula (16) with the Crawford and
King simulated data, the under-scan angle 3, can be esti-
mated to be 44.0°, which is very close to the actual angle
(45°) they used.’ Our analytical results provide further
understanding of the helical CT noise performance. It is
observed that the helical CT image noise deviation is inde-
pendent of the transaxial position, proportional to the raw
projection noise deviation, and not affected by the fan angle
(approximately for the HE method). Also, the helical CT
image noise variance is proportional to the area under the
square of the reconstruction filter |wG(w) |, which is ex-
pressed as [*_ |w|?|G(w)|? dw. In order to reduce the
noise variance in the reconstructed image, the smoothing
filter G(w) must be so chosen that the area under the
square of |wG(w) | is minimized before significant image
details are blurred.

The analytical results obtained in this paper are practi-
cally very useful. For various interpolation methods and
reconstruction filters, these noise variance formulas can be
applied to estimate the noise performance approximately,
which are more convenient than performing phantom mea-
surements. In several helical CT applications including le-
sion detection, volume estimation, and image restoration,
the theoretical characterization of the noise performance is
important to model the imaging process. For example,
when constrained least square restoration is performed lon-
gitudinally to enhance the resolution, the noise variance at
any transverse position is needed in the constraint.’ Our
results justify the use of a constant noise variance in res-
toration.

Although the noise variance is typically used to describe
the noise performance, the noise power spectrum is desir-
able in some cases. Also, a nonstationary Poisson noise
model should be more accurate than the model used in this
paper. Furthermore, the interpolation algorithms have dif-
ferent consequences with respect to not only noise but also
contrast (some blur more than others). When a noise vari-
ance is smaller, the partial volume effect can be stronger as
in the case of the FI method. To quantify the low contrast
performance, a further analysis of these difterent interpo-
lation methods should take both noise variation and
contrast/detail degradation into consideration in the
framework developed in this paper. All of these are worthy
of further investigation.

TABLE 1. Summary of image noise deviation ratios of helical CT to conventional 360° reconstruction. The algorithms involved are as follows: the
conventional 360° reconstruction (CR), full scan (FS), under-scan (US), full scan with interpolation (FI), half-scan (HS), half-scan with interpolation

(HI), and half-scan with extrapolation (HE). ¢ and ¢’ are used to represent, respectively, the theoretical deviations and the estimated ones using the
Crawford and King simulated data (Ref. 3). In the computation of oy, B, was set of 7/4 (Ref. 3).

Method CR FS Us FI HS HI HE
c [ 268, 2 2
<z 1.00 1.00 28 < ~
oo 435~ =109 \[3,,0‘817 2z141 3 V3= 116 1.16~1.23
o
— 1.0 :
o 1.0 1.1 0.83 1.4 12 1.2
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