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Abstract. The cone-beam approach for image reconstruction attracts an increasing attention in various applications, especially
medical imaging. Previously, the traditional practical cone-beam reconstruction method, the Feldkamp algorithm, was gener-
alized into the case of spiral/helical scanning loci with equispatial cone-beam projection data. In this paper, we formulated the
generalized Feldkamp algorithm in the case of equiangular cone-beam projection data, and performed numerical simulation to
evaluate the image quality. Because medical multi-slice/cone-beam CT scanners typically use equiangular projection data, our
new formula may be useful in this area as a framework for further refinement and a benchmark for comparison.
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1. Introduction

Recently, spiral/helical CT began a transition from fan-beam to cone-beam geometry with the intro-
duction of multi-slice systems [1,2]. These narrow-angle cone-beam spiral CT scanners, also referred to
as multi-slice or multi-row detector scanners, are already commercially available. Cone-beam spiral CT
uses a 2D-detector array allows larger scanning range in shorter time with higher image resolution, and
has important medical and other applications.

Despite progress in exact cone-beam reconstruction [3,4], approximate cone-beam algorithms, espe-
cially Feldkamp-type algorithms, remain valuable in practice [5–8]. The three advantages of approximate
cone-beam reconstruction are as follows. First, incomplete scanning loci can be used with approximate
reconstruction. The completeness condition for exact reconstruction requires that there exist at least a
source position on any plane intersecting an object to be reconstructed. This condition may not be satis-
fied in many cases of X-ray CT. Second, computational efficiency of approximate reconstruction is high.
Typically, approximate reconstruction involves less raw data than exact reconstruction. Also, the compu-
tational structure of approximate reconstruction is straightforward, highly parallel, hardware-supported,
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Fig. 1. Geometry of equispatial fan-beam reconstruction

and particularly fast for reconstruction of a small region of interest (ROI). Third, image noise, blur-
ring/ringing artifacts may be less with approximate reconstruction. With the direct Fourier method [3],
it was found that the exact reconstruction produced more ringing as compared to the Feldkamp method.
It appears that this type of ringing is inherent to all exact cone-beam reconstruction formulas that take
the second derivative of data. Furthermore, Feldkamp-type algorithms are widely used to benchmark the
performance of new cone-beam algorithms.

Traditionally, Feldkamp-type cone-beam reconstruction algorithms were formulated for equispatial
cone-beam projection data [5–8]. However, in medical cone-beam X-ray CT, projection data are typically
represented in an equiangular format. Although the transformation from equiangular data to equispatial
data does not represent any major challenge, the involved data interpolation procedure would compromise
the spatial resolution of reconstructed images. In this paper, we represent a generalized Feldkamp image
reconstruction formula that handles equiangular cone-beam projection data directly, and perform a
numerical simulation study to evaluate the new formula using the 3D Shepp and Logan phantom.

2. Generalized Feldkamp reconstruction in the equispatial case

Feldkamp et al. adapted the conventional equispatial fan-beam algorithm for cone-beam reconstruction
with a circular-scanning locus [5]. Using the same approach, a generalized Feldkamp algorithm for
equispatial cone-beam data was derived based on a derivative-free, equispatial fan-beam reconstruction
formula for a non-circular scanning locus. In the generalized Feldkamp reconstruction, cone-beam
projection data from different orientations are filtered and back-projected along X-ray paths after voxel-
to-source distance and angular differential are properly modified. The reconstructed value of a voxel
is the sum of contributions from all horizontally tilted fan-beams passing through that voxel. The key
formulas are briefly reviewed in this section, as a background for the derivation of a generalized Feldkamp
formula for equiangular cone-beam projection data.

As shown in Fig. 1, the equispatial fan-beam reconstruction formula for a non-circular scanning locus
is expressed as [7]:

g(x, y) =
1
2

∫ 2π

0

ρ2(β)
[ρ(β) − s]2

∫ ∞

−∞
R(p, β)f

[
ρ(β)t

ρ(β) − s
− p

]
ρ(β)√

ρ2(β) + p2
dpdβ, (1)
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Fig. 2. Geometry of equispatial cone-beam reconstruction.

whereg(x, y) is the reconstructed image,ρ(β) is the distance from the X-ray source to the origin of the
reconstruction system,R(p, β) fan-beam projection data as a function of the detector linear positionp
and the X-ray source rotation angleβ, f the reconstruction filter, and

t = x cos β + y sin β

s = −x sin β + y cos β.

As shown in Fig. 2, the generalized Feldkamp algorithm for equispatial cone-beam data is formulated
as [8]:

g(x, y, z) =
1
2

∫ 2π

0

ρ2(β)
[ρ(β) − s]2

∫ ∞

−∞
R(p, ς, β)f

[
ρ(β)t

ρ(β) − s
− p

]
ρ(β)√

ρ2(β) + p2 + ς2
dpdβ, (2)

whereg(x, y, z) is the reconstructed image,ρ(β) is the distance from the X-ray source to thez axis
of the reconstruction system,R(p, ς, β) cone-beam projection data as a function of the detector spatial
position(p, ς) and the X-ray source rotation angleβ, f the reconstruction filter, and

t = x cos β + y sin β

s = −x sin β + y cos β.

ς =
ρ(β)[z − h(β)]

ρ(β) − s

3. Generalized Feldkamp reconstruction in the equiangular case

The essential step in the generalized Feldkamp reconstruction described in the preceding section may
be considered as appropriate correction from cone-beam data to fan-beam data, so that exact fan-beam
reconstruction of a 3D impulse function can be achieved in the transaxial plane containing the impulse.
The correction is done by multiplying cone-beam data with the cosine of the X-ray tilting angle. In other
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Fig. 3. Geometry of equiangular fan-beam reconstruction.

words, the generalized Feldkamp reconstruction can be decomposed into two steps: (1) cone-beam to
fan-beam data conversion, and (2) fan-beam reconstruction.

Recently, we derived and tested the derivative-free equiangular fan-beam reconstruction formula for
non-circular scanning loci. The new formula is the same as the conventional equiangular fan-beam
formula, except that the constant source-to-origin distance is made a function with respect to the X-ray
source rotation angle [9]:

g(x, y) =
1
2

∫ 2π

0

∫ ∞

−∞
R(γ, β)f [r cos(β + γ − φ) − ρ(β) sin γ]ρ(β) cos γdγdβ, (3)

whereg(x, y) is the reconstructed image, as shown in Fig. 3,ρ(β) is the distance from the X-ray source
to the origin of the reconstruction system,R(γ, β) fan-beam projection data as a function of the detector
angular positionγ and the X-ray source rotation angleβ, f the reconstruction filter, and

r = x2 + y2

φ = tan−1 x

y
.

In order to derive a generalized Feldkamp image reconstruction formula for equiangular cone-beam
data, we applying the fan-beam reconstruction Eq. (3) with cosine-corrected cone-beam data collected
from a 3D-scanning locus, we obtain the main result of this paper:

g(x, y, z) =
1
2

∫ 2π

0

∫ ∞

−∞
R(γ, ς, β)f [r cos(β + γ − φ) − ρ(β) sin γ]ρ(β) cos γ cos τdγdβ, (4)

where, as shown in Fig. 4,g(x, y, z) is the reconstructed image,ρ(β) is the distance from the X-ray
source to thez axis of the reconstruction system,R(γ, ς, β) cone-beam projection data as a function of
the detector angular position(γ, ς) and the X-ray source rotation angleβ, f the reconstruction filter, and

r = x2 + y2

φ = tan−1 x

y
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Fig. 4. Geometry of equiangular cone-beam reconstruction.

Table 1
Parameters of the 3D Shepp and Logan head phantom used in the simulation

No. x y z a b c α µ

1 0 0 0 0.69 0.92 0.9 0 2
2 0 0 0 0.6624 0.874 0.88 0 −0.98
3 −0.22 0 −0.25 0.41 0.16 0.21 108 −0.02
4 0.22 0 −0.25 0.31 0.11 0.22 72 0.02
5 0 0.35 −0.25 0.21 0.25 0.5 0 0.02
6 0 0.1 −0.25 0.046 0.046 0.046 0 0.02
7 −0.08 −0.65 −0.25 0.046 0.023 0.02 0 0.01
8 0.06 −0.65 −0.25 0.046 0.023 0.02 90 0.01
9 0.06 −0.105 0.625 0.056 0.04 0.1 90 0.02

10 0 0.1 0.625 0.056 0.056 0.1 0−0.02

τ = tan−1 ς

L

ς =
ρ(β)[z − h(β)]

ρ(β) − s

s = −x sinβ + y cos β

Note that dataR(γ, ς, β) are distributed on a segment of the cylindrical surface of radiusL.

4. Numerical simulation

A 3D version of Shepp and Logan head phantom was used in the simulation. In order to obtain the 3D
head phantom, the 2D ellipses of the conventional head phantom were made ellipsoids and repositioned
within an imaginary skull. The head phantom parameters are listed in Table 1, where there are ten
ellipsoids,x, y, z denote the center of an ellipsoids,a, b, c are thex, y, z semi-axes respectively,α is
the rotation angle of an ellipsoid (about thez axis), andµ is a relative X-ray attenuation coefficient.
The effective X-ray attenuation coefficient at a point is the sum of the relative parameters of ellipsoids
containing that point.
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Fig. 5. Four slices of Shepp and Logan’s three-dimensional head phantom atz = −0.25 (upper-left),z = 0.625 (upper-right),
y = −0.105 (lower-left) andy = 0.1 (lower-right), respectively.

Fig. 6. Four reconstructed slices obtained using a helical cone-beam reconstruction algorithm with equiangular data, for
scanning radius of 3 and helical pitch of 1.25, corresponding to the four slices of the phantom shown previously.

Figure 5 shows four slices of the 3D Shepp and Logan head phantom. Two are horizontal slices with
z = −0.25 (upper-left) andz = 0.625 (upper-right). The other two are vertical slices withy = −0.105
(lower-left) andy = 0.1 (lower-right). Note that the real gray level was transformed according to a linear
relationship for better visualization. This transformation linearly maps the interval [0.95, 1.05] into 256
discrete gray levels. Truncation was done when necessary.

In the numerical simulation, the detector plane is 2.2 by 2.2 with 128 by 128 pixels and is so placed
for the ease of computation that its vertical axis is the z-axis. One hundred projection images with
a 3.6-degree angular interval were used for reconstruction. In order to handle patients or rod-shaped
specimens, a helical scanning reconstruction algorithm can be designed to handle equiangular cone-
beam data according to the equiangular data Feldkamp-type formula derived in the proceeding section.
Contrast to Feldkamp’s algorithm where the scanning locus of an X-ray source is a circle, the helical
cone-beam reconstruction algorithm requires the translation of the X-ray source and the simultaneous
rotation of the specimen to produce a helical scanning locus in the reconstruction coordinate system.
For any horizontal slice to be reconstructed, it is assumed that such a helical turn can always be found
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that the turn is divided by the concerned slice into upper-and lower-halves. Projection images collected
from this turn are used to reconstruct the slice. Figure 6 shows four reconstructed images obtained using
the equal-angular helical cone-beam reconstruction algorithm, with scanning radius 3 and helical pitch
1.25. Note that the simulation conditions and parameters are identical to those that were used to test the
generalized Feldkamp-type formula with a helical scanning locus [8]. As expected, the image quality
of cone-beam reconstruction with equiangular data is in excellent agreement with the counterparts with
equispatial data, the corresponding differences between the relative errors of the representative slices
being less than 1%.

5. Discussion and conclusion

Although the generalized Feldkamp formula with equiangular cone-beam data is still approximate,
several analytic properties of the formula can be established regarding exactness in reconstruction, similar
to what was done for Feldkamp reconstruction with equispatial data. First, the generalized Feldkamp
reconstruction is exact on the mid-plane. In the 2D case, the generalized Feldkamp algorithm degrades to
the derivative-free non-circular fan-beam reconstruction formula. Under some moderate conditions about
the scanning locus, reconstruction must be exact [7,9]. Second, the generalized Feldkamp reconstruction
produces exact vertical integrals. The longitudinal integral of the spatially varying point spread function
of the generalized cone-beam algorithm is a 2D impulse function. As a result, after longitudinal integral,
an exact 2D parallel projection can be synthesized. Third, the generalized Feldkamp reconstruction is
exact for longitudinal homogeneous specimens. Finally, we emphasize that even if the scanning locus
does not quite satisfy the conditions for exact reconstruction, the fan-beam and cone-beam formulas
still produce satisfactory image quality. If it is necessary in this case, we can always obtain the above
mentioned exactness properties by applying the exact fan-beam formula that contains a derivative term
with respect to the locus.

In conclusion, motivated by medical cone-beam X-ray applications, we have derived a generalized
Feldkamp image reconstruction formula for equiangular cone-beam projection data. In the case that
projection data are in such a format,our formula can be used to reconstruct the image without interpolation
induced blurring. Extension and evaluation of our equiangular cone-beam image reconstruction formula
are underway for cone-beam half-scanning [10] and multi-source geometry [11].
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