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Abstract. The iterative approach is important for computed tomography (CT) and attracting more and more attention with the
rapid evolution of computer technology. In this paper, classic results and recent advances on iterative algorithms for image
reconstruction are reviewed, with an emphasis on the ART-like and EM-like algorithms in both of their simultaneous and
ordered-subset formats. The following issues are discussed: what the computational structures are, under what conditions the
algorithms converge, what the final limits are, what the relaxation strategies we have, how the final limits depend on the initial
guesses, and so on. In addition, heuristic arguments are given for the SART and EM algorithms for understanding the algorithms.
Finally, future research directions are discussed, along with guidelines for practical applications of iterative algorithms.

1. Introduction

Image reconstruction plays a major role in many applications. Typically, an imaging device can be
modeled by the following equation:

Az =b 1)

where the observed data= (b',...,b6M) ¢ RM, original imager = (x1,...,2zy) € RY, and

A = (4;;) is anon-zera/ x N matrix. The problem is to reconstruct the imagérom the dateb.

A direct solution is not feasible with conventional direct methods because of the ill-posedness of the
problem, the noisy corrupt dateand huge data dimension in practice.

The iterative approach has been important because of their superior performance in the above context.
With the rapid development of computer technology, iterative algorithms receive increasingly more
attention. lIterative algorithms may be categorized according to their criteria and the ways for updating
an intermediate image with observed data. Generally, the criterion is to minimize either the least squares
function or the I-divergence, which is respectively equivalent to maximize the likelihood in the Gaussian
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or Poisson environments. The algorithms for least squares minimization are typically linear, while the
algorithms for I-divergence minimization are nonlinear. As for the updating methods, projection data
may be utilized simultaneously or block-wisely.

The algebraic reconstruction technique (ART) [13] and expectation maximization (EM) algorithm [20]
are the primary algorithms widely used in the community, due to their simplicity, efficiency and perfor-
mance. As will be clear later, the criteria that led to these two algorithms, either explicitly or implicitly
stated, are the least squares function and the I-divergence, respectively. In the last decades, several im-
proved algorithms were designed based on the ART and EM algorithms. One remarkable advance is the
order-subset (OS) or block iterative (BI) versions of their simultaneous schéResently, the OSEM
approach has been adopted by the manufacturers of a number nuclear medicineimaging systems[18]” .

It has been found thdtthe OS-EM algorithm provides an order-of-magnitude acceleration over EM,
with restoration quality maintained [14]” .

This paperis intended as a practical yet in-depth overview of both classic results and recent advances on
iterative algorithms originated from the ART and EM algorithms. Both algorithmic and analytic aspects
of the algorithms are appropriately addressed for the readers at large. The organization of the paper is
as follows. After this introduction, Section 2 describes the ART and ART-like iterative algorithms, and
unifies these specific algorithms within a general Landweber scheme. Then, the later part of Section 2
discusses the convergent properties of those schemes. Section 3 presents the EM algorithm and its OS
variants, along with their properties. Section 4 formulates the SART and EM algorithms in a heuristic
manner. Section 5 discuss relevant issues, suggests some research areas and concludes the paper.

2. ART-likealgorithmsand a general Landweber scheme

2.1. ART-like algorithms

ART: The ART is the first iterative algorithm used in CT [13]:

(Tl+1) (n) A i i,.(n)
z! i <b Az ) @)

N
wherei = n mod M) + 1, ||AY||> = ZAZ?]- is the Euclidean norm of thieth row of A. This method

7=1
was originally discovered by Kaczmarz in [17].
SART: In 1984, the SART was proposed as a major refinement of the ART [1]. Let

N
Az‘,—l—:Z‘Aij‘, fori=1,..., M, 3)
J=1
N
Ayj=> |Ail, forj=1,...,N. 4
The SART is:
1) = i ()
" A+,] A L (- A). (5)

i=1 bt
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Cimmino’s Algorithm: The Cimmino’s simultaneous projection method [10] is:

S0 _ 40y ,IMZ”AZW (1 a2t ©

DWE and CAV: In [7,8], an iterative scheme utilizing the sparsity of the mattixvas proposed.
Consider a sefG; }, of real diagonalV x N matrices:

G; = diag(gi1,...,gin), Withg; > 0such thatZG =1
=1

{G:}M, is referred to as being sparsity pattern oriented (SPO) with respectt6 anN matrix A if,
fori=1,...,Mandj =1,...,N,g;; =0, ifand only if 4;; = 0. The diagonal weighting (DWE) is
the foIIowing iterative scheme:

+1 bl — AZ‘T(”)
:cEn ) — acg-n) + A Z AijiA?l~ (7)
9ij#0 1<IKN
gil#0

Censor et al. described a method to construct the SPO mafitg$., according to the sparsity of
Ain|[8]. Let

91 = {0], if Aj; =0, ®)

wheres; is the number of nonzero elements; # 0 in the j-th column ofA. The component-averaging
algorithm (CAV) is derived from Eq. (7) as

xg ) ) + A\ Z Awi. (9)
1<i<M Z SlAzl
1<IKN

2.2. General Landweber scheme

In [16], the following general Landweber scheme was studied for both of its simultaneous and OS
versions. Lel” andW be two positive definite diagonal matrices of ordéand M, respectively. Most
of the iteration algorithms to solve Eq. (1) can be written in the following form:

20D — ) Lyl gt (b . Ax(”)) (10)

where),, > 0 is the relaxation coefficient. We ugdo denote the transpose of a vector or matrix. The
iterative scheme Eq. (10) is called simultaneous, which uses all the components of the observed data
for updating the iteration.

Let Ly be the following weighted least square functional

1
Lw (z) = 3llb - Az (11)
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for z € RY, where|| - ||y is the norm induced o®?! by the following inner product associated with
M

W: (z,y)w = Wa,y) = Z Wizzy;. As we will explain more below, the sequeniel™ } generate
=1

by Eq. (10) converges to a minimizer bfy under certain conditions. All the minimizers bf; satisfy

the following normal equatioR Ly (z) = 6:

A*W Az = A*Wb. (12)

If there is a solution of Eq. (1), it is called consistent. Otherwise, it is called inconsistent. If Eq. (1) is
consistent, it can be shown that Eqs (1) and (12) have exactly the same solutions. Hence, the minimal
norm solutions of Egs (1) and (12) are the same in the consistent case.

Inrecentyears, greatinterests are in the OS version of Eg. (10), which invokes only part of the observed
datab each time. Assume that the index $&t= {1,..., M} is partitioned intdl" nonempty subset8,
such that

B=A{1,...,. M} = By. 13
{ ) ) } 1<§J<T t ( )

For simplicity, we assume that these subggtare disjoint, although this requirement is not necessary

in general, cf. [16] for more details. Assume

In the following, letjn] = n modT") + 1 for n > 0. Let

t

A Wi b1
At = ) Wt = ) bt = € RM(Z)
’it Z‘t ’it
AM(@) M(5)xN W M) M(5)xN b M(¢)
whereA?, W andb’ are thei-th row of 4, thei-th diagonal element df’, and thei-th component ob,
respectively. The OS version of Eq. (10) can be written as
2t — () + )\nV”Afn} W[n} (b[n} — A[n}x(n)> . (15)
The iteration process from = k7T ton = (k+ 1)T with Eq. (15) is called one OS cycle. In this paper,
we assume that,, is constant during one OS cycle, i.&,, forn = kT +twitht =0,...,7 — 1, are
the same; for notation simplicity and without confusion, we will write this constantad'he general
case can also be handled, cf. [16] for more details. When 1, Eq. (15) reduces to the simultaneous
version Eq. (10).
The ART, SART, Cimmino’s, DWE and CAV algorithms can be written in the form of Eq. (10) or
Eq. (15) with appropriate choices of the diagonal matricesmdV, and the partition s&B, for the ART
(the only iterative scheme in the OS format among them), as shown in Table 1.
In this configuration, we can easily derive the OS or simultaneous version of known methods, to
generate new algorithms. For example, we can use the partition of the ART and obtain the following OS
version of the SART:

(n+1) _ .(n) 1 Ay i Al (n)
R vy (b Al ) (16)

with ¢ = n mod M) + 1.
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Table 1

Choices ofV, W and B; for the ART, SART, Cimmino’s and DWE
algorithms
ART V= %:\ 12 T =M, B, = {t}
SART Vi A+,J- = Ait
Cimmino's V = o = M||A’|
DWE(CAV) V = 1= ‘;‘4

1USN

.‘hl#o

2.3. Convergenceresults

In this section, we summarize the convergence results for iterative schemes in the form of the simul-
taneous Eg. (10) and OS Eq. (15) formats. First, let us state the convergence result specific to the ART,
which is instructive to understand the general picture, although most of the results referenced are valid
for general schemes. Then, we discuss recent advances.

From aresultin [12], if the Eq. (1) is consistent, the sequgné®) } generated by the ART converges
to a solution of Eq. (1) if the relaxation coefficients satisfy

0 < lim inf A, < lim sup\,, < 2. a7

If the Eq. (1) is inconsistent and if the relaxation coefficients satisfy Eq. (17) and are periodic, i.e.,
Ap = )\[n]_l, each subsequenc{-:-z;("?M“)}, 0 < t < M, generated by the ART, converges. It was
further proved in [6] that if\, = X € (0,2), each sub-sequenée *"+9}, 0 < t < M, generated by
the ART, converges to a limit,()\) andlimy_q z;(\) = z* 4+ Pz(®) wherez™®) is the minimal norm
solution of Eq. (12), and is the orthogonal projection frol®” to the kernel ofA. The kernel ofA is
defined asV(A) = {z € RV : Az = 0}.

For a general OS scheme withpartition sets{z*7+9}, 0 < t < T, are called cyclic sub-sequences.

If Eq. (1) is inconsistent, the cyclic sub-sequences converge possiblgifterent limits, which consists

of the so-called limit cycle, and the intermediate iterated images will oscillate among them. This
phenomenon is also termed as semi-convergence [19]. As a result, the reconstructed image may change
with different iteration numbers if there exists such a limit cycle. If the images in the limit cycle are far
away from each other, the reconstructed image quality will be uncertain, cf. Fig. V.12 in [19]. Because
the data are corrupted with noise, Eq. (1) is often inconsistent in practice. Hence, the limit cycle exists
with the above relaxation strategy for Eq. (1). Therefore, there is an important and immediate need for an
automatic relaxation strategy that removes the limit cycle and guarantees the convergence of the iterative
scheme as well as the quality of the reconstructed image.

Recently, Jiang and Wang [16] established the following convergence results for the simultaneous
scheme Eq. (10) and the OS scheme Eq. (15)zI'8tbe the minimal solution of Eq. (12) (tHé-norm
is the induced norm o®” from the inner product., -)y associated with” as thel¥ -norm) andPy
be the orthogonal projection froml” to the kernel of4 with respect to the inner produét -)y-. In
the following, || A||v.w- denotes the operator norm froRT" (with the inner product:, -)/) to RM (with
the inner product-, -)y). Similarly, we can define the operator nofid:||v,w,. Details can be found
in [16]. Their first theorem can be stated as follows:

Theorem 1. ([16]) Assume that there exists p > 0 such that | A¢||lyw, < pfort =1,...,T and
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0 < p?M\; < 2. IfEq. (1) is consistent and

Zmin(p2)\k, 2 — p*\p) = o0, (18)
k

then the sequence generated by Eq. (15) convergesto z *) + Py-2() If the partition (Egs (13) and (14))
isdigoint and
> A=00 and lim A, =0, (19)
k

then the sequence generated by Eq. (15) convergesto = *) + P20, even if Eq. (1) isinconsistent.
In either case, the sequence convergesto a solution of the normal equation Eq. (12).

A simple but useful corollary from Theorem 1 is:

Corollary 1. ([16]) Assumethat p = [|A||v,w > 0 and 0 < p?X;, < 2. Then, the results of Theorem 1
till hold.

For the simultaneous scheme Eg. (10), the convergence holds evex,if- 2 — 0.

Theorem 2. Assume that p = ||Ally,w > 0 and 0 < p?)\;, < 2. If Eq. (18) holds, then the sequence
generated by Eq. (10) convergesto z*) + P,z eveniif Eq. (1) isinconsistent.

The convergence of the ART, SART, Cimmino’s Algorithm, DWE and CAV follows from the estimate
of || A¢|lv.w, or [|A|lv,w. With the choices of the matricésand¥/, and the partitioq B, } for the ART,
as shown in Table 1, we can readily show that 1 for all of them [16].

3. EM-like algorithms

If A, zandbare non-negative, the imaging system works in a nonnegative space, where the discrepancy
betweenh and Az should be quantified using the I-divergence (Kullback-Leibler distance), which is
defined as

)

+ Alx — V. (20)

M b
I(b, Ax) = Z b log T
i=1

N
Lets; = ) _ Aj;;. The EM algorithm [20] is written as
=1

M

(1) _ ) Ly, Y 21
T sj; i Qi) (1)

If Eq. (1) is consistent, then the sequerfaé™ } generated by Eq. (21) converges to a solution of
Eq. (1). If Eq. (1) is inconsistent, then the sequeficé€”} generated by Eq. (21) converges to a
minimizer of Eq. (20). This convergence was established in [21].
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Lets;; = Z A;;. The OS version of the EM algorithm, called OSEM, is by replacing both sums in

1€ By
Eqg. (21) with partial sums over the partition séf3; }:
m+1) () 1 Y

S[n} 7j ZEB[n]

The convergence of the OSEM algorithm is open in the consistent case, except for the quite special
case of subset balance [3,14]. The partition is said to have the subset balance property, if, for each fixed
value ofj, the sumss; ; are the same for atl, which induces that; ; = STJ If Eg. (1) is inconsistent,
there is an example in [2] showing that the OSEM is not convergent.

Letw; = max; ;_ﬂ A modified version of the OSEM, called the rescaled block-iterative EM (RBL-

EM), was proposed in [3]:

(n+1) _ Slnlg ) L)
xj - <1 o —> xj w[n Z AZ] Az (n) (23)

w[n}sj ZEB[ n]

When the subset balance condition holds, the RBI-EM reduces to the OSEM. The RBI-EM converges,
in the consistent case, to a solution of Eq. (1) [3]. In the inconsistent case, the convergence is unknown
and it was conjectured that the same semi-convergence similar to that of the ART could happen.

To achieve the convergence in the inconsistent case, the following row-action maximum likelihood
algorithm (RAMLA) was discovered by Browne and De Pierro [2]:

x.g'n—’—l) = (1 - )\ns[”}v ) " + )\nCC Z AZ] Az (n) (24)
ZEB[n]

If the relaxation coefficients,, > 0 is constant during one OS run and satisfies the same relaxation
strategy Eq. (19), then the sequered™ } generated by Eq. (24) converges to a minimizer of Eq. (20),
if EQ. (20) is strictly convex inc.

4. Heuristicargumentsfor the SART and EM

This section is to induce the SART and EM algorithms in a heuristic way. The idea is as follows.
An iterative solution to the imaging system Eq. (1) can be an implementation of a feedback scheme, by
which a current guess to the solution is refined in the iteration. Specifically, based on a current guess
about an underlying image, projection data can be numerically generated. Then, these synthesized data
are compared to the observed data according to a discrepancy measure. The most common way to
measure a discrepancy between two values is using difference or division. We assumaridatare
non-negative in the following.

4.1. Difference and the SART

Given a current guess™, we can synthesize the projection data

N
v’ <x(")> =3 Ayl (25)
j=1
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Then, we compare the observed dataith b using the differencé’ — 5’ (z(™) component-wisely.

This result is considered as a hint on how to update the current imrf&yeThere are the following three
cases for a given datubi:

o > 0, i.e, (™ should be somehow increased
b—b (x(”)) = { =0, i.e., no need to update™; (26)
<0, i.e, (™ should be somehow decreased

For thatb;, we need to rectify:® and try to have? = b’ (z(™). The simplest rectification is to add
this values to both side of Eq. (34) so that we have

| | o N
b= [ = (a@)] + 8 (2) = [p =5 («™)] + ;Aijxg. )
b 7% (x("))] |

xé.n) +

N
:ZA”

j=1 Ait

: i 5 () n

Thatis, the discrepancy for a given datahtan be eliminated by addinbg% to x§ ), However,
i_pi(p(n) o 7

the rectifying factor% depends on. Naturally, the overall rectifying factor can be computed

by averaging ovef according to the relative Weiglﬁ%, which quantifies the relative contribution of

xﬁ”) tod' (2(™). This immediately leads to the SART with relaxation paramaet- 1:

M p i B ((n)
(nt+1) _ (n) Aij V' =0 (2™)
z; =z; + ZE 1 A, A, . 27)

4.2. Division and the EM

b (z(m)
wisely. For a given daturt’, this ratio suggests how to modifyf”) according to the following three
cases:

Instead of using difference, we can compare measuredeatha b using division component-

’ > 1, i.e., (™ should be increased
— = { =1, i.e., no need to update™; (28)
b (z() <1, i.e,, (" should be decreased

For thatb; and the know%, we can multiply both sides of Eq. (34) with the ratio for a perfect
N

rectification: b’ = 5" (z(")) = 3 Ayl

B () ()
J
N
=2 Ay

j=1
PN
= b’ ()
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However, the rectifying facto% depends on. Similarly, the overall rectifying factor can be
xT n

(=)

computed by averaging ovéaccording to the relative weigrﬁ%. Then, we have the EM formula:

) ) = Ay b
‘nJr _ (n) i - 29
ST AR W et T (29)

5. Discussionsand conclusion

The investigation on the OS methods is a current hot topic in the iterative reconstruction field. The
ART is the first OS iterative scheme used in CT, which initialized the studies on various row-action
methods [5]. The Cimmino’s algorithm can be written as the simultaneous version of the ART up to
a rescaling of the relaxation coefficient. By the theorems in Section 2.3, the permissible interval of
the relaxation coefficients is [0,2] for the ART, but the equivalent interval of the Cimmino’s algorithm
is [0, %] much smaller that that of the ART. That may induce a larger update per iteration, and is
why the OS schemes are often preferred. However, major efforts are needed for further evaluation and
comparison.

Given various algorithms, one needs to know which one to use for a specific application. There
are pros and cons with each method [9], hence the specifics of the problem and requirements by users
must be matched to the capabilities of an algorithm. Some guidelines may be given as follows. First,
one may consider which space the problem is in and what objective functional should be used. In the
real/complex space, the Landweber scheme can be the primary choice. In the nonnegative space, the
EM-like approach would be preferred. It has been found in recent experiments that the OS algorithms
can produce satisfactory image quality with an order-of-magnitude fewer iterations than its simultaneous
version [14]. To perform OS iterations, the relaxation strategies discussed in this review should be
followed so that the convergence is approached.

The results in Theorem 1, Corollary 1 and Theorem 2 specify the conditions for the relaxation strategy
to remove the limit cycle for a general class of algebraic algorithms. Inaddition, these results characterize
the structure of the final limit, and reveal the dependence of the final limit on the initial image. One
important corollary from those results is that the final limit is continuous with respect to the initial guess.
Note that this is not a trivial result; nothing like this has been known for the EM-like algorithms. Some
results, similar to but weaker than that in Theorem 1, were obtained by Trummer for the ART [22,23].
The convergence or semi-convergence of the SART was proved under various relaxation conditions [4,
7,15]. However, the result in this review, when applied to the SART, surpasses all those results.

Despite the recent advances, there remain numerous problems for further research. One widely
used approach in image reconstruction is to use regularization in terms of prior. How to optimally
integrate prior knowledge remains a primary issue. Other topics include selection of the initial image,
specification of the block size (the size of the ordered subsets), optimization of the relaxation strategy,
optimal termination of the iterative process, and so on. Furthermore, the iterative schemes can be studied
under certain constraints, such as nonnegative and linear constraints.

In conclusion, iterative algorithms for image reconstruction have been reviewed, with an emphasis
on the EM-like and ART-like algorithms in both of their simultaneous and order-subset formats. Major
theoretical and practical issues have been discussed for the understanding and applications of these
algorithms. Additionally, research directions have been outlined. Iterative algorithms would be more
important in the future with the rapid development of the computer technology.
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